Abstract. Let q :X X ! X be a regular covering over a finite polyhedron with free abelian group of covering translations. Each nonzero cohomology class x A H 1 ðX ; RÞ with q Ã x ¼ 0 determines a notion of ''infinity'' of the noncompact spaceX X . In this paper we characterize homology classes z inX X which can be realized in arbitrary small neighborhoods of infinity inX X . This problem was motivated by applications in the theory of critical points of closed 1-forms initiated in [2] , [3] .
Introduction
Consider a regular covering q :X X ! X over a finite polyhedron X with free abelian group of covering translations H F Z r . In the case of infinite cyclic coverings r ¼ 1 the spaceX X has two ends [5] and one may specify an end ofX X by choosing a nonzero homomorphism H ! R viewed up to a positive multiplicative constant. According to the formalism of [5] , in the case r > 1 the spaceX X has only one end. Nevertheless, as we show in this paper, for any r b 1 one has the notion of a neighborhood of infinity inX X with respect to a nonzero linear map H ! R viewed up to a positive multiplicative constant. In other words, each nonzero cohomology class x A H 1 ðX ; RÞ with q Ã x ¼ 0 determines a notion of ''infinity'' of the noncompact spaceX X . In this paper we characterize homology classes z A H i ðX X ; kÞ which can be realized by cycles lying in arbitrary small neighborhoods of infinity ofX X with respect to a given nonzero cohomology class x A H 1 ðX ; RÞ. This problem was motivated by applications in the theory of critical points of closed 1-forms initiated in [2] , [3] where it was used (in the case of rank one classes only) to obtain cohomological lower bounds for catðX ; xÞ. The main result of this paper states that a homology class z with coe‰cients in a field k is movable to infinity ofX X with respect to a cohomology class x of full rank r ¼ rkðHÞ if and only if z is k½H -torsion. Surprisingly, this statement shows that the property of a homology class to be movable to infinity is in some sense independent of the direction x.
We also study the problem of describing the set of all ''directions'' M z H H 1 ðX ; RÞ with respect to which a given homology class is movable to infinity. We show that this set is either empty or it is very large, see Theorem 2 for the exact statement.
The results of this paper generalize earlier work [2] which treats the simplest case of infinite cyclic covers H F Z. The main technical tool of our proof is an exact sequence (see (8) ) relating the Novikov homology [7] with the lim 0 and lim 1 terms of an inverse system associated to neighborhoods of infinity. We later show that the lim 1 -term vanishes. It would be interesting to generalize the results of [3] where the problem of movability to infinity of homology classes with integral coe‰cients was studied for cyclic covers.
Techniques similar to those used here were employed in [6] , [7] , [8] .
2 The Abel-Jacobi map
Let X be a connected finite cell complex and q :X X ! X a regular covering having a free abelian group of covering transformations H F Z r . Because of the exact sequence 
it is a vector space of dimension r containing H as a lattice.
Proposition 1.
There exists a canonical Abel-Jacobi map A :X X ! H R having the following properties: (a) A is H-equivariant; here H acts onX X by covering transformations and it acts on H R by translations.1 (b) A is proper (i.e. the preimage of a compact subset of H R is compact).
(c) A is determined uniquely up to replacing it by a map A 0 :X X ! H R of the form A 0 ¼ A þ F q where F : X ! H R is a continuous map.
Proof. The Abel-Jacobi map A can be constructed as follows. Let e 1 ; . . . ; e r be a free basis of H and let x 1 ; . . . ; x r be the dual basis of H Ã . Choose a continuous closed 1-form2 o i on X lying in class x i . Then the induced form q Ã ðo i Þ ¼ df i onX X is exact;
1 We use additive notation for the group operation in H when H is viewed as a subgroup of H R ; in all other circumstances we use multiplicative notation for the group operation of H. With these conventions statement (a) can be expressed by AðgxÞ ¼ AðxÞ þ g. 2 For the notion of a continuous closed 1-form on a topological space we refer to [2, 4] . Briefly, a continuous closed 1-form on X is given by an open cover U ¼ fUg of X and a continuous function f U : U ! R for each open set U A U such that for U; V A U the di¤erence
the function f i :X X ! R is determined uniquely up to adding a constant. One defines the Abel-Jacobi map A as follows
Let o 0 i be a di¤erent closed 1-form on X lying in cohomology class
Hence we see that the new map A 0 has the form A 0 ¼ A þ F q where
To show that A (given by formula (1)) is H-equivariant note that for g A H and x AX X one has f i ðgxÞ ¼ f i ðxÞ þ x i ðgÞ. Substituting into (1) one finds AðgxÞ ¼ AðxÞ þ g which proves (a). Any equivariant map A 0 :X X ! H R is of the the form (1) and hence the argument given above proves part (c).
To show that A is proper it is enough to show that any sequence x n AX X such that Aðx n Þ converges to a vector h A H R has a convergent subsequence. If h ¼ P r i¼1 h i e i then our assumption is that for any i ¼ 1; . . . ; r the sequence f i ðx n Þ converges to h i . Since X is compact we may assume that the sequence qðx n Þ A X converges to a point x 0 A X . Let U H X be a small connected neighborhood of x 0 such that q À1 ðUÞ is a disjoint union S j U j and each U j is mapped homeomorphically onto U by q. We will also assume that U is so small that for any x; x 0 A U j one has
Let us show that for large n all points x n lie in the same set U j . This would clearly imply that the sequence x n has a limit point. Suppose that x n A U j and x m A gU j where g A H, g 0 0. Find i ¼ 1; . . . ; r such that jx i ðgÞj b 1. Then we have j f i ðgx n Þ À f i ðx m Þj < 1=2 and j f i ðgx n Þ À f i ðx n Þj ¼ jx i ðgÞj b 1 which together imply j f i ðx n Þ À f i ðx m Þj b 1=2. The last inequality cannot be satisfied for large n and m as f i ðx n Þ converges to h i A R, see above.
This completes the proof. r 3 Neighborhoods of infinity inX X Consider again a connected finite cell complex X and a regular covering q :X X ! X with group of covering translations H F Z r . Let x A H 1 ðX ; RÞ be a nonzero cohomology class with the property q Ã ðxÞ ¼ 0. As we observed above, x determines a linear functional x R : H R ! R. Definition 2. A subset N HX X is called a neighborhood of infinity inX X with respect to the cohomology class x if N contains the set fx AX X ; x R ðAðxÞÞ > cg H N; ð3Þ for some real c A R. Here A :X X ! H R is an Abel-Jacobi map for the covering q :X X ! X . This notion is independent of the choice of the Abel-Jacobi map A :X X ! H R . Indeed, any other Abel-Jacobi map A 0 :X X ! H R has the form A 0 ¼ A þ F q where F : X ! H R is continuous. Since X is compact, there exists a constant C > 0 such that jx R ðF ð yÞÞj < C for all y A X . Hence x R ðAðxÞÞ > c implies x R ðA 0 ðxÞÞ > c À C and similarly x R ðA 0 ðxÞÞ > c implies x R ðAðxÞÞ > c À C where x AX X . Let N HX X be a neighborhood of infinity with respect to x. For a covering transformation g A H the set gN is also a neighborhood of infinity with respect to x.
Lemma 3. Fix a cell structure on X and consider the induced cell structure onX X . Then for any nonzero cohomology class x A H 1 ðX ; RÞ with q Ã ðxÞ ¼ 0 there exists a neighborhood of infinity N HX X with respect to x having the following properties: Proof. For each cell e i of X choose a cellẽ e i ofX X covering e i , where i ¼ 1; 2; . . . ; k. We claim that one may choose the liftsẽ e i such that the following property holds: the boundary of any cellẽ e i lies in the union
where
Note that the same cellẽ e j may appear in the union (4) several times with di¤erent covering translations g j . The union (4) has finitely many terms. Liftsẽ e i with the above property can be constructed inductively with respect to dim e i . For an arbitrary choice of liftsẽ e i condition (4) is satisfied and to achieve (5) one may have to replaceẽ e i by g nẽ e i where g A H, xðgÞ > 0 and n is large enough. Now we set
Here the union is taken with respect to all g A H with xðgÞ > 0 and with respect to i ¼ 1; . . . ; k. Let us show that N satisfies conditions (A)-(D) of Lemma 3. Condition (A) is satisfies because of (4), (5) . Condition (C) is obvious by construction. Now we want to show that N is a neighborhood of infinity with respect to x and that the complementX X À N is a neighborhood of infinity with respect to Àx. Let A :X X ! H R be an Abel-Jacobi map. Since the closures of the cellsẽ e i are compact there exist constants L < K such that for any i ¼ 1; . . . ; k and for any x Aẽ e i one has L < x R ðAðxÞÞ < K. Then we see that fx AX X ; x R ðAðxÞÞ > Kg is contained in N, and fx AX X ; ÀxðAðxÞÞ > ÀLg is contained inX X À N. We are left to prove statement (D).
This completes the proof. 
Homology classes movable to infinity
Let X be a connected finite cell complex and q :X X ! X be a regular covering with free abelian group of covering translations H F Z r . Let k be a field. The following definition was introduced in [2] in the case r ¼ 1. where N runs over all neighborhoods of infinity inX X with respect to x. This can also be expressed by saying that z lies in the kernel of the natural homomorphism H i ðX X ; kÞ ! lim H i ðX X ; N; kÞ ð7Þ where in the inverse limit N runs over all neighborhoods of infinity inX X with respect to x.
Example 5. Let X be a closed smooth manifold admitting a closed 1-form o with no zeros. Then any homology class z A H i ðX X ; kÞ is movable to infinity with respect to x ¼ ½o A H 1 ðX ; RÞ assuming that q Ã ðxÞ ¼ 0.
Statement of the main result
The following theorem gives an explicit description of all movable homology classes. It generalizes the results of [2] , §5 which treats the case of infinite cyclic covers q :X X ! X . Theorem 1. Let X be a finite cell complex and q :X X ! X be a regular covering having a free abelian group of covering transformations H F Z r . Let x A H 1 ðX ; RÞ be a nonzero cohomology class of rank r satisfying q Ã ðxÞ ¼ 0. The following properties (A), (B), (C) of a nonzero homology class z A H i ðX X ; kÞ (where k is a field) are equivalent:
(A) z is movable to infinity with respect to x.
(B) Any singular cycle c inX X realizing the class z bounds an infinite singular chain c 0 inX X containing only finitely many simplices lying outside every neighborhood of infinity N HX X with respect to x.
(C) There exists a nonzero element x A k½H such that x Á z ¼ 0.
Note that the implications (C) ) (B) ) (A) are straightforward (see below); the only nontrivial statement is the implication (A) ) (C). Let us explain why (C) ) (B). Suppose that the class z A H i ðX X ; kÞ is torsion, i.e. x Á z ¼ 0 where x A k½H , x 0 0. Without loss of generality we may assume that x ¼ 1 À y where y A k½H has the form y ¼ P a j g j where a j A k, g j A H and xðg j Þ > 0. Let c be a chain representing the class z. Then the cycle x Á c bounds, i.e. ð1 À yÞ Á c ¼ qc 1 where c 1 is a finite chain inX X . Set
Then qc 0 ¼ c and c 0 has finitely many simplices lying outside every neighborhood of infinity N HX X with respect to x.
The proof of Theorem 1 will be completed in §9. Note that property (C) does not involve the class x; we derive some implications of this fact in §10. 6 The lim 1 
exact sequence
In this section we describe an exact sequence which will be used in the proof of Theorem 1. As above, let q :X X ! X be a regular covering of a finite cell complex X . We assume that the group of covering translations is free abelian H F Z r . Let x A H 1 ðX ; RÞ be a nonzero cohomology class with q Ã ðxÞ ¼ 0. Such x can be viewed as a group homomorphism x : H ! R, where xðgg 0 Þ ¼ xðgÞ þ xðg 0 Þ for g; g 0 A H. Note that now we use multiplicative notation for the group operation in H. Consider the group ring k½H and its Novikov completion d k½H k½H x . Elements of k½H are finite sums of the form P a i g i where a i A k and g i A H. Elements of d k½H k½H x are countable sums P a i g i having the property lim i!þy xðg i Þ ¼ þy. Note that the Novikov completion d k½H k½H x is a field assuming that x : H ! R is injective, i.e. rkðxÞ ¼ r. Indeed, if x A d k½H k½H x is nonzero then x can be written in form P a i g i with a i 0 0 and xðg 1 Þ < xðg 2 Þ < xðg 3 Þ < Á Á Á tends to infinity. Hence a A similar exact sequence appears (in a slightly di¤erent context) in the thesis of J.-C. Sikorav. In Proposition 13 below we show that the lim 1 term in (8) vanishes assuming that x has maximal rank. (9) is an isomorphism of bimodules. 3 Fix a cellular neighborhood of infinity N inX X with respect to x as constructed in Lemma 3. The semigroup H 0 acts on N preserving the cell structure. Let C Ã ðNÞ denote the cellular chain complex of N; it is a chain complex of B-modules. Note that C i ðNÞ is a finitely generated free B-module by Lemma 3, condition (C). We have
Proof.
this is an isomorphism of k½H -modules.
Fix a group element g A H with xðgÞ > 0. For n ! y the sets g n N form a basis of neighborhoods of infinity with respect to x (by statement (4) of Lemma 3). Let C n denote the chain complex C Ã ðX X Þ=C Ã ðg n NÞ where n A Z, n ! þy. The map C nþ1 ! C n is an epimorphism and hence the inverse system fC n g satisfies the MittagLe¿er condition, see [9] . We obtain using (10) that the inverse limit chain complex can be identified with
we have an exact sequence
As the discussion above shows, the middle term can be identified with the module H q ðX X ; d k½H k½H x Þ, the term on the right is lim H q ðX X ; N; kÞ and the term on the left is lim 1 H qþ1 ðX X ; N; kÞ. This completes the proof. r Proposition 6 is true for any commutative ring k.
Some commutative algebra
In this section we discuss curious properties of a localization of the ring B ¼ k½H 0 which appeared in the previous section. Recall our notations: k is a field; H ¼ Z r is a free abelian group of rank r b 1; x : H ! R is a group homomorphism and finally H 0 ¼ fh A H; xðhÞ b 0g. In this section we will require x to be injective. Clearly H 0 is a sub-semigroup of H. For a A R, a b 0, we denote H ba ¼ fg A H; xðgÞ b ag; H >a ¼ fg A H; xðgÞ > ag:
These are subsemigroups of H 0 ¼ H b0 . We also denote
these are ideals of B. One has J ba I J >a and the ideals J ba and J >a coincide assuming that a B xðHÞ.
Let S ¼ 1 þ J >0 be the set of all elements of the form 1 þ x where x A J >0 . Obviously S H B is a multiplicative subset. The ring B 0 is obtained by inverting elements of S, i.e.
In particular, the ideals J ba ; J >a H B determine the ideals J 
Any nonzero element x A B
0 can be written in the form x ¼ gu where g A H 0 and u is an invertible element of B 0 . Moreover, this representation is unique as the only group element g A H 0 which is invertible in B 0 is g ¼ 1. Now assume that x 1 ; . . . ; x k A B generate an ideal J H B 0 . Write x i ¼ g i u i where g i A H and u i is a unit. We obtain that J is also generated by the group elements g 1 ; . . . ; g k A H 0 . Therefore, J coincides with J 0 ba where a ¼ minfxðg i Þ; i ¼ 1; . . . ; kg. This proves (C). Let J H B 0 be an ideal which has no finite generating set. Let fx i g i A I be an infinite generating set where x i A B 0 . As above, we may write x i ¼ g i u i where g i A H 0 and u i is a unit. Let a be the infimum of the numbers xðg i Þ. If a ¼ xðg i Þ for some i then x i generates J and J ¼ J 
Note that a ij g À1 u À1 and a 1j g À1 are well defined as elements of B 0 . In the new bases we have Our statement now follows by induction. r Corollary 9. Let f : F 1 ! F 0 be a homomorphism between free B 0 -modules of finite rank. Then the kernel Kerð f Þ is free and its rank is at most rkðF 1 Þ. Similarly, the image Imð f Þ is free and its rank is at most rkðF 0 Þ. We now show that under certain conditions the lim 1 term of the exact sequence (8) vanishes.
Proposition 13. Let X be a finite CW-complex and q :X X ! X a normal covering with free abelian group of covering translations H F Z r . Let x A H 1 ðX ; RÞ be a cohomology class of rank r ¼ rkðHÞ such that q Ã ðxÞ ¼ 0. Then for any field k one has
where N runs over all neighborhoods of infinity inX X with respect to x.
To prove Proposition 13 we show that the inverse system H q ðX X ; N; kÞ satisfies the Mittag-Le¿er condition (see [9] , Proposition 3.5.7), i.e. that for any neighborhood of infinity N HX X there exists a neighborhood of infinity N 0 H N such that for any neighborhood of infinity N 00 H N 0 one has
In (14) all homology groups are with coe‰cients in the field k and all neighborhoods of infinity are with respect to a fixed cohomology class x, see above. Equality (14) follows from the following slightly stronger statement: Proposition 14. Let N HX X be a neighborhood of infinity with respect to x. Then there exists a neighborhood of infinity N 0 H N such that
where all homology groups have k (i.e. a field) as the ring of coe‰cients.
This can be expressed by saying that for any N there exists N 0 H N such that any cycle ofX X relative to N which can be refined to a cycle relative to N 0 can be refined to an absolute cycle inX X . Proposition 14 clearly implies the Mittag-Le¿er condition and hence Proposition 13.
Proof of Proposition 14. We will first prove Proposition 14 assuming that N is a neighborhood of infinity as in Lemma 3.
Let C Ã ðNÞ and C Ã ðX X Þ denote the cellular chain complexes of N andX X with coe‰cients in k. They are naturally B-modules where B ¼ k½H 0 . As above, let S H B denote the multiplicative subset of all elements of the form 1 þ x where x A J >0 . Consider the localized complexes S À1 C Ã ðNÞ and S À1 C Ã ðX X Þ which we will denote by C 
where the term in the square brackets lies in C Ã ðX X Þ and the fraction in the RHS lies in C 
Proof of Theorem 1
Let C Ã ¼ C Ã ðX X Þ be the cellular chain complex ofX X with coe‰cients in k. It is free and finitely generated over k½H . Consider two larger rings
where Qðk½H Þ is the field of quotients of k½H . Accordingly, we have three chain complexes C Ã H C We claim (1) that b is injective and (2) that the kernel of the composition b a coincides with the set of homology classes z A H i ðX X ; kÞ which are movable to infinity with respect to x. Claim (1) follows since d k½H k½H x contains Qðk½H Þ as a subfield. Claim (2) follows since H i ðC 00 Þ F lim H i ðX X ; N; kÞ by Propositions 6 and 13, and (7). From these two claims it follows that the set of homology classes z A H i ðX X ; kÞ which are movable to infinity with respect to x coincides with the kernel of a. Since a is a localization homomorphism with respect to the set of all nonzero elements of the ring k½H we obtain that a homology class z A H i ðX X ; kÞ lies in its kernel if and only if it is torsion.
10 The set of directions with respect to which a given homology class is movable to infinity
Let X be a finite cell complex and q :X X ! X be a regular covering having a free abelian group of covering transformations H F Z r . Fix a homology class z A H i ðX X ; kÞ and consider the set
RÞ of all cohomology classes x A H 1 ðX ; RÞ with q Ã ðxÞ ¼ 0 such that z is movable to infinity with respect to x. In this section we discuss the structure of the set M z .
Theorem 2. If M z contains a cohomology class x A H 1 ðX ; RÞ with rkðxÞ ¼ r then M z contains a set of the form H Ã À S k j¼1 Q j where each Q j H H Ã is an integral hyperplane
where g j A H, g j 0 1 A H. In particular, if M z contains a single rank r cohomology class then it contains all classes x 0 A H Ã with rkðx 0 Þ ¼ r.
Proof. Let z be movable to infinity with respect to x, where rkðxÞ ¼ r. By Theorem 1 there exists a nonzero element x A k½H such that x Á z ¼ 0. We can write x ¼ P h A H a h h, a h A k with only finitely many a h 0 0. Let supp x ¼ fh A H : a h 0 0g. Consider the finite set fh 1 h À1 2 A H; h 1 ; h 2 A supp x; h 1 0 h 2 g; we can write this set as fg 1 ; . . . ; g k g for some integer k; here g j A H. Each g j determines the hyperplane Q j given by (20) .
Let us show that any class x 0 A H Ã which does not lie in the union of hyperplanes
2 Þ for any pair of distinct h 1 ; h 2 A supp x. Now we can use the relation x Á z ¼ 0 and repeat the argument of the easy part (C) ) (B) ) (A) of the proof of Theorem 1 (see §5) with the class x 0 replacing x. r Theorem 2 implies that if M z contains a cohomology class of rank r then it also contains a cohomology class of rank 1. The next statement shows that the converse also holds.
Proposition 15. If M z contains a cohomology class of rank 1 then it contains a cohomology class of rank r and hence the conclusion of Theorem 2 holds.
no k½H -torsion. Hence by Theorem 1 there are no nonzero homology classes inS S g which are movable to infinity. Note that the rank of the k½H -module H 1 ðS S g ; kÞ equals 2g À 2 > 0. 2. Consider now the universal abelian cover q :X X ! X where X ¼ S g Â S 1 . Now H ¼ Z 2gþ1 andX X ¼S S g Â R. We find that H 1 ðX X ; kÞ ¼ H 1 ðS S g ; kÞ 0 0 (see the previous example). If t :X X !X X denotes the translation corresponding to the shift by 1 on R then for any homology class z A H 1 ðX X ; kÞ one has tz ¼ z, i.e. ðt À 1Þ Á z ¼ 0. We see that any homology class z is torsion with annihilating polynomial x ¼ t À 1. Repeating the proof of Theorem 2 one finds that any homology class z A H 1 ðX X ; kÞ is movable to infinity with respect to any cohomology class Assume that the line Q j passes through the point ðn j ; m j Þ where n j and m j are integers. Consider the polynomial
The numbers L ij are determined by this relation. Denote by L H R 2 the set of points with at least one coordinate integral. One constructs a closed curve w lying on L H R 2 with the property that its winding number with the point i þ À Á equals L ij for any i, j. This closed curve can be interpreted as a word w in two letters which is a product of commutators. One then uses this word to build a two dimensional cell complex having one zero-dimensional cell, two one-dimensional cells, and one two-dimensional cell glued according to the word w. Computations explained in [4] , pages 25-28 show that H 1 ðX X ; kÞ as a k½H -module is isomorphic to the factor of k½H with respect to the ideal generated by P. Let z A H 1 ðX X ; kÞ be the generator. As in the proof of Theorem 2 above one finds that the class z is movable to infinity with respect to any cohomology class x A H Ã À S k j¼1 Q j . This argument shows that M z contains H Ã À S k j¼1 Q j . With more e¤ort one can show that M z coincides with H Ã À S k j¼1 Q j . We omit the details.
